REGULARIZATION PROPERTIES OF THE 2D HOMOGENEOUS 
BOLTZMANN EQUATION WITHOUT CUTOFF 
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Abstract. We consider the 2-dimensional spatially homogeneous Boltzmann equation for hard 
potentials. We assume that the initial condition is a probability measure that has some expo- 
nential moments and is not a Dirac mass. We prove some regularization properties: for a class of 
very hard potentials, the solution instantaneously belongs to H r , for some r E (— 1, 2) depending 
on the parameters of the equation. Our proof relies on the use of a well-suited Malliavin calculus 
for jump processes. 



1. Introduction 

The Boltzmann equation. We consider a spatially homogeneous gas in dimension 2 modeled by 
the Boltzmann equation. The density ft(v) of particles with velocity v € M 2 at time t > solves 

(1.1) dtft(v)= [ dv* f 2 d6B(\v-v*\,9)[f t (v')f t (vD- ft(v)ftM], 

JR 2 J-tt/2 



where 



, v + u* / v - \ , v + v„ [ v 

" ~ Re [ — x — , = — x Re 



2 \ 2 y ' * 2 v 2 

and where Rg is the rotation of angle 9. One usually integrates 6 on (— n, n), but a famous trick 
allows one to restrict the integration to [— tr/2, tt/2] without loss of generality, see e.g. the argument 
in the introduction of pQ. The cross section B(\v — u*|, 6) > is given by physics and depends 
on the type of interaction between particles. We refer to the review paper of Villani [l6j for more 
details. Conservation of mass, momentum and kinetic energy hold for reasonable solutions to (|1.1[) : 



V*>0, / f t (v)i>(v)dv= / f (v)il>(v)dv, *P = l,v,\v\ 2 

JR 2 JR 2 

and we classically may assume without loss of generality that L 2 fo{v) dv = 1 and J R2 vfo(dv) = 0. 

Assumptions. We shall assume here that for some 7 € (0,1), v € (0,1/2), some even function 
b : [-7r/2,7r/2]\{0}^ R + , 

f B(\v-v.\,0) = \v-v^b(9), 
(A(7,i/)) < 3 < c < C, V6»G (0,7r/2], cQ^ x ~ v < b(0) < CQ~ X - V , 

[Vfc>l, 3C k , V0e(O,7r/2], \b^{6)\<C k e- l - v - k . 

This assumption is made by analogy to the case where particles collide by pairs due to a repulsive 
force proportional to \/r s for some s > 2 in dimension 3, for which 7 = (s — 5)/(s — 1) and 



2000 Mathematics Subject Classification. 60H07.82C40. 

Key words and phrases. Kinetic equations, Hard potentials without cutoff, Malliavin calculus, Jump processes. 
Le second auteur de ce travail a beneficie d'une aide de l'Agence Nationale de la Recherche portant la reference 
ANR-08-BLAN-0220-01 . 



1 



2 



VLAD BALLY AND NICOLAS FOURNIER 



b(8) ~ \6\ 1 v , with v = 2/(s — 1). We aim to study here hard potentials (s > 5), for which 
7 S (0,1) and v € (0,1/2). 

Weak solutions. For 6 (— 7r/2, 7r/2), we introduce 

. 1,_ „ 1 /cos — 1 — sin# 

A(0) = -(iW) = ^ s . n0 cqs01 

Note that u' = v + A(8)(v - u*) and that for X e 



»2 



1 
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(1.2) \A(9)X\ 2 = -(l-cos8)\X\ 2 <-\Xf. 

Definition 1.1. Assume (A(7,f)) for some v 6 (0,1) and 7 <E (0,1]. ^4 family (ft)te[o,T] °f 
probability measures on R 2 is said to be a weak solution of if for all t £ [0, T], 

(1.3) / u/ t (dv) = / vf (dv) and f \v\ 2 f t (dv) = f \v\ 2 f (dv) < 00 
JR 2 ii 2 Jr 2 Jr 2 

and if for any ip : R 2 1— > R globally Lipschitz continuous and any t £ [0, T], 

(1.4) ^ / #)/ t (&)= / / t (d«) / / t (d»0 / 7 6(ff)dff|t;-«,r^(t; + A(e)(t;-»,))-^(w)]. 
011 Jr 2 Jr 2 Jr 2 J-tt/2 

The right hand side of ([O]) is well-defined due to (fL~3"]) . ([Of and because |0|6(0)d0 < 00 

thanks to (A(7, v)) with z/ G (0, 1). As shown in [TQl Corollary 2.3 and Lemma 4.1], we have the 
following result. 

Theorem 1.2. Assume (A(pf,v)) for some v £ (0,1) and 7 £ (0,1]. Assume also that b(9) = 
b(cos9), for some nondecreasing convex C 1 function b on [0, 1). Let f be a probability measure on 
R 2 such that for some 5 £ (7,2), L 2 e'"' fo(dv) < 00. There exists a unique weak solution (ft)t>o 
to starting from fo- Furthermore, for all k £ (0, 5), sup t>0 J R2 e'"' ft(dv) < 00. 

The additional condition that b is nondecreasing and convex is made for convenience, and 
typically holds if b{6) ~ l^- 1 -^. 

Sobolev spaces. For / a probability measure on R 2 , we set, for £ £ R 2 , /(£) = L 2 e 1 ^'^ f{dx). 
Recall that for r £ R, 

H r (R 2 ) = {f, \\f\\H"(R 2 ) <oo}, where ||/||^ (R2) = / (1 + |£| 2 ) r |7(OI 2 ^- 

Let us recall the following classical results. For / a probability measure on R 2 , 

• / £ H r (M. 2 ) for every r < -1; 

• if / € if r (R 2 ) for some r > 0, then / has a density that belongs to L 2 (R 2 ); 

• if / £ H r (M. 2 ) for some r > 1, then / has a bounded and continuous density. 

Main result. We need to introduce, for v £ (0, 1/2) and 7 £ (0, 1) satisfying 7 > ^ 2 /(l — 2v), 
1 



(1.5) a 7jI/ 



2 



'(-. - /' f !)--:■ 4 ( 7(1 - 2V) - v ) - (- f,/ ! 1) 



>0, 



*,,„=< (2' +7 )(l-2,)-^ ' 
(1+7 + i/)i/+1 7 ' 
As we will see in Lemma T5. 31 g 7i „ > 2 in the latter case. 
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Theorem 1.3. Assume (A(^,v)), for some 7 S (0,1), v £ (0,1/2), such that 7 > v 2 j(\ — 2v). 
Consider a weak solution (/t)te[o,T] to such that fo is not a Dirac mass and, for some 

5 S (7Vi/,l), 



(1.7) sup / e^ 5 ft{dv) < 00. 

te[0,T] JR2 

(i) For all t £ (0,T], 

Vge(0,O, V^eR 2 , sup |/ t (£)| < C to , T .,(l + |£ir 9 , 

[«o,T] 

Vr<g T „-l, sup ||/t||jjr( R 2) < 00, 

[to,T] 

V<z€(0,g 7 ,„), Vi) et 2 , Ve>0, sup f t (Ball(v , e)) < C t[) , T , 9 e 9 . 

[to,T] 



(mJ If v £ (0, 1/3) and 7 > (2i/ + 2i/ 2 )/(l — 3f), i/ien g 7i „ > 1. 77ms /t has a density belonging 
to L 2 (R 2 ) for allte (0,T]. 

(mj If finally v £ (0, 1/4) and 7 > (6i^ + 3f 2 )/(l — Av), then g 7i „ > 2. TTims ft has a continuous 
and bounded density for all t £ (0, T] . 

Discussion about the result. In the realistic case where 7 = (s — 5)/(s — 1) and v = 2/(s — 1), 
point (i) applies if s > 7, point (ii) applies if s > 8 + V33 ~ 13.75, point (hi) applies if s > 
13 + 2^5T~ 24.14. 

When at least point (ii) applies, this shows in particular that for all t > 0, H(f t ) < 00, where the 
entropy is defined as H(f) := J R2 f{v) log f(v)dv. This allows us to apply many results concerning 
regularization (see e.g. Villani |T5j or Alexandre-Desvillettes-Villani-Wennberg [I]) or large time 
behavior (see e.g. Villani [TB]) where the finiteness of entropy is required. 

Until the middle of the 90's, almost all the works on the Boltzmann equation were assuming 
Grad's angular cutoff, where the cross section B, which physically satisfies J^ 2 B(\v— v* | , 0)d8 = 00 
was replaced by an integrable cross section. As shown in Mouhot- Villani 12J, no regularization 
may occur under Grad's angular cutoff. Intuitively, this comes from the fact that each particle is 
subjected to finitely (resp. infinitely) many collisions on each time interval in the case with (resp. 
without) cutoff. See however [S] where it is shown on a simplified model that some regularization 
might occur under Grad's angular cutoff, but for some very soft potentials (i.e. with 7 < —1). 

Here we deal with true hard potentials and we thus have to overcome the three following diffi- 
culties: |u>| 7 vanishes at 0, explodes at infinity and is not smooth at 0. This lack of regularity is 
the basis of many technical complications. 

Many papers deal with the case of regularized hard potentials, where \v — v*| 7 is replaced by 
something like (e 2 + \v — i>»| 2 ) 7 / 2 . In this situation, Desvillettes-Wennberg [6] have shown that if 
fo is a function such that H(f ) < 00, then f t G C°° for alH > for any 7 £ (0, 1), any v £ (0, 2), 
in any dimension. 

Another simpler situation is the case of Maxwell molecules, where 7 = so that \v — w*| 7 is 
constant. Using a probabilistic approach, Graham-Meleard [TT] (for the 1-dimensional case) and 
[7] (for the 2-dimensional case) proved that if /o is a measure with some moments of all orders and 
is not a Dirac mass, then f t £ C°° for all t > 0. In these works, the finiteness of entropy is not 
required. 
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To our knowledge, the only regularization result that concerns true hard potentials is that of 
Alexandre-Desvillettes-Villani-Wennberg [T]: in any dimension d > 2, if fo is a function such that 
H(fo) < °°! then any weak solution satisfies \fft G H^(R 2 ) for all t > 0, for any value of 
7 G (— d, 1) and any value of v G (0, 2). 

Let us compare our result with that of [1] . The main limitation of our study is that we work in 
dimension 2. Furthermore, the result of pQ applies to all potentials, while we have to assume at 
least s > 7. 

A first positive point is that we assume much less regularity on the initial condition (in pQ, fo 
is already a function): we only assume that fo is not a Dirac mass. This is a necessary condition 
for regularization, since Dirac masses are stationnary solutions to (|l.ip . 

A second positive point is that we deal with the regularity of f t , which seems more natural and 
tractable than that of \J~ft- 

Finally, if v > is small and 7 G (0, 1) is large, our result seems really competitive. For example 
if 7 = (s - 5)/(s - 1) and v = 2/(s - 1), then (denoting by = r\ e(0 , r) iJ s ), 

• with s = 15 we obtain f t G HW-(M?) while pQ yields y/Jt G HfJJ(R 2 ), 

• with s = 25 we obtain get / t G ij( 172 / 167 )- (R 2 ) while [T] yields vTt € iJ^^R 2 ), 

• with s = 101, we obtain f t G ij(4504/2599)-( R 2) while rjj yields ^ g Hf^°(M. 2 ). 

Let us finally mention that for any values of 7 G (0,1) and ^ G (0,1/2), our result will never 
provide a better estimate than ft G H 2 ~(M. 2 ). 

Thus the result of pQ and Theorem 11.31 are complementary: Theorem 11.31 works well for large 
values of s, while [T| works well for small values of s. For intermediate values of s, Theorem 11.31 
allows us to apply pQ , even if the initial condition has an infinite entropy. 

We conclude this subsection with a remark on regularized hard potentials: if v G (0, 1/3), our 
method allows us to extend the result of Desvillettes-Wennberg [6j to initial conditions with infinite 
entropy. 

Remark 1.4. Assume that B(\v — 1>* |, 8) = (e 2 + \v — \ 2 ) 1 ^ 2 b(9), for some e > 0, some 7 G (0, 1) 
and some b satisfying the same conditions as in (A(7, v) ) for some v G (0, 1/2). With our method, 
it is possible to prove that for (ft)te[0,T] a weak solution to satisfying |J.7| ) and such that fo 

is not a Dirac mass, for < <o < T, supr to T i |/t(£)| < Ct ,T,r(l + l£|) _r f or a ^ r G (0, 1/u — 2). 
In particular if v G (0, 1/3), we deduce that f t G L 2 (K 2 ) so that H(f t ) < 00 for any t > 0. T/itts 
we caw apply the result of [6], and deduce that f t G C°°(]R 2 ) /or a// i > 0. 

Discussion about the method. Following the seminal work of Tanaka [13], we will build a 
stochastic process (V t ) te [ ,T] such that for each t G [0,T], £(Vt) = /t. This process will solve a 
jumping stochastic differential equation. Then we will use some Malliavin calculus to study the 
smoothness of ft, in the spirit of Graham-Meleard llj. When using the classical Malliavin calculus 
for jumps processes of Bichteler-Gravereaux-Jacod [4], one can only treat the case of a constant 
rate of jump, which corresponds here to the case where 7 = 0. This was done in (TlJ [7]. We thus 
have to build a suitable Malliavin calculus. 

Recently Bally-Clement [5] introduced a new method, still inspired by [1] which allows one 
to deal with equations with a non-constant rate of jump. They discuss equations with a similar 
structure as (jl.ip . but with much more regular coefficients. Here we use the same method, but 
we have to overcome some nontrivial difficulties related to the singularity and unboundedness of 
the coefficients. The nondegeneracy property is also quite complicated to establish, in particular 
because \v — v*| 7 vanishes on the diagonal, and because (|1.1[) is nonlinear. 
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Plan of the paper. In the next section, we give the probabilistic interpretation of (|1.1[) in terms 
of a jumping S.D.E. We also build some approximations of the process and study their rate of 
convergence. Another representation of the approximating processes is given in Section [3J In 
Section [H we prove an integration by parts formula for the approximating process, using the 
Malliavin calculus introduced in [5] . We conclude the proof in Section [5j An appendix containing 
technical results lies at the end of the paper. 

Notation. In the whole paper, we assume without loss of generality that 

(1.8) / vfo(dv) = and e = [ \v \ 2 fo{dv) > 0. 

JR 2 JR 2 

Observe that eo > 0, because else, /o would be the Dirac mass at 0. We always assume at least 
that (A(7, v)) hold for some 7 £ (0, 1), some v £ (0, 1). We denote by (ft)t>o a weak solution to 
(jl.ip satisfying (|1.7|> for some S > 7. We consider r/o such that 

(1.9) r) £ (1/*, 1/(7 Vv)). 
For vq £ R 2 and r > 0, we denote by 

Ball(v ,r) = {v£ R 2 , |«-« | < r} 

the open ball centered at Vq with radius r. We will always write C for a finite (large) constant 
and c for a positive (small) constant, of which the values may change from line to line and which 
depend only on b, v, 7, S, 770, T, /q. When a constant depends on another quantity, we will always 
indicate it. For example, Ct or ct stand for constants depending on b, is, 7, S, 770, T, fo and to. 

2. Probabilistic interpretation and approximation 

We first build a Markov process (Vt)te [o,r] , solution to a jumping stochastic differential equation, 
whose time marginals will be (ft)te[o,T\- The weak solution (ft)te[o,T\ being given, we consider 
a Poisson measure N(ds,d9,dv,du) on [0, T] x [— 7r/2,7r/2] x R 2 x [0, 00) with intensity measure 
dsb(9)d9f s {dv)du. Then for a R 2 -valued /o-distributed random variable Vb independent of N, we 
consider the R 2 -valued stochastic differential equation, setting E = [— 7r/2,7r/2] x R 2 x [0, 00), 

(2.1) V t = V + [ f A(e)(V s --v)l {u < lVs __ vM N(ds,d9,dv,du). 

Jo Je 

We also introduce some approximations of the process (Vt)te[Q,T\- We consider a C°° even non- 
negative function \ supported by (—1, 1) satisfying J R x(x)(ix = 1. Then we introduce, for i£l 
and e £ (0,1), (recall (TO|l ) 

(2.2) r e = [log(l/ e )p°, <j> e (x) = j{{y V 2e) A r e ) x((x ~ y),t) dy. 

Observe that we have 2e < (f> e (x) < T e for all x > 0, 4> t {x) — x for x £ [3e,r e — 1], <f> e (x) = 2e 
for x £ [0, e] and 4> e (x) — T e for x > T e + 1. We find eo > small enough, in such a way that for 
e £ (0, eo)j 3e < 1 < r e — 1 and consider, for e € (0, eo), the equation 

(2.3) Vf = V + [ f A(9)(V S L - w)l { »<^(|y« ^ vl)} N(ds,d9,dv,du), 

Jo Je 
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Next we introduce, for £ G (0, 1), a function Iq : R + i— > [0, 1] such that I((x) — 1 for x > £ and 
vanishing on a neighborhood of 0. We will choose 1^ in the next section as a smooth version of 
1{k>C}- We consider the equation 



(2.4) 



A(fl)(V/L C -«)I {u <^ ( | V: ,c^| )} /c(l«l)^'».^,d«). 



J£ 



The goal of this section is to check the following results. 

Proposition 2.1. (i) There exists a unique cadlag adapted solution (Vt)te[o.T] to h2.1\) . For each 
e G (0, eo) and each £ G (0,1), there exist some unique cadlag adapted solutions (VJ e ) tg [o j T] and 

«' C ) te[ o,T] to WM and (33J/. 

(ii) For all t G [0, T], V t is f t -distributed. 

(Hi) For any k G (y, S), any e G (0, eo), any £ G (0, 1), 



sup (e^ 

[O.T] V 



,\V^\' 



<C K 



(iv) For any (3 G {v, 1], any e G (0, eo), any £ G (0, 1), 



sup E 

[O.T] 



W - v; 



,C|/3 



(v) Assume furthermore that for some a > 0, some K , for all vq G M 2 , for all e G (0, 1], 

sup f t (Ball(v ,e)) < Ke a . 

[0,T] 

This always holds with K = 1, a = 0. TTien /or any /3 G (^, 1], any e G (0, eo), any £ G (0, 1), 

sup E [\V t - V t e \ ] < Cp K e c ^e 0+ ~< +a . 

[0,T] 

Observe that e CT ' is not very large: since TJ = [log(l/e)] 7, " > with 7770 < 1 (recall (|1.9[) ). we 
have e cr = < C^e - '', for any 77 > 0. 

Proof. We handle the proof in several steps. In Steps 1-5, we assume that {V t ) t £[o,T]7 (^ e )te[o,T] 
and (Vj e '^)te[o,T] ex ist an d prove points (iii)-(v). Points (i) and (ii) are then checked in Steps 6-7. 
Step 1. We first check that for n G {v,b~), 



sup E 

[0,T] 



e |Vtr + e 



< c K . 



Let us for example treat the case of (V t e ) te [o,T]- We have 



(2.5) e mT = e i*>r + 



./£ 



JV 8 «_-M1(0)(V;«_-' U ) 
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Taking expectations and using Lemma [ 

r t fir/2 

+ I ds j b{9)d9 I f s (dv) 

R 2 



|V | K 



J— k/2 



E 



> \V^+A(9){v;-v)\ _JV,T i7 



-e^> U7(|V/-«|) 



<E 



|v | K 



+ ds f s (dv)E ^(|y/_t;|)el^ 

JO JR 2 l 



(-c«l{|^|>i,|V;|>CM} + C «(\ V s\ v lT + »- 2 e c ^ 
But k + z/- 2 < 0, so that for |V| > M«(v) := max{l, C\v\, [C* K e c >l7c K ] 1 /( 2 - I/ - K )}, we have 

-c K l { \v\>i,\v\>c\v\} + C K {\V\ V i)"+-2 e c«kr < o. 
Changing the values of the constants, M K (v) < C K e° K ^ . Thus 



E 



<E 



| Vol" 



+ C'J ds f s (dv)¥.U:(\V^ -v\)e\ v ^\ m ^ CKe c^r } e c ^ 



Since now <jq{\V - u|) < (1 + \V\ + M) 7 , we deduce that <tq{\V - v\)l {]iV ^ Cfie c KM - } e c ^ < 
C K e c ^ v \ , whence 



E 



<E 



J Vb| 



+ C K ds f s (dv)E 
'o Jr 2 



z c K \v\ K <C K + C K / dsE 



|v/r 



We finally used (|1.7p , that /c < 5 and that Vo ~ /o- The Gronwall Lemma allows us to conclude. 
Step 2. We now prove (iii), for example with (V" t e ) te [ .T]- Using (|2.5p and Lemma ROl we obtain 



E 



sup e 

[0,T] 



ivyr 



<E 



JVb| 



+ ds b(8)d8 I f s (dv) 

JO J-tt/2 



\V s '+A(B)(V s e -v)\ _ |V/| 



07(1^ 



<C K + C K ds f s (dv)E <%QV. e - v\)e a "W"e c "W\' 
Jo Jr 2 l 



<C K + C K / / / s (d«)e c "l'"l K E 

JO JR 2 



We used here that 07(|V r -w|)e c ~l y l' t e c '''l t 'l" < (1 + |V| + |«|)Te c -l v l"e c -l , 'l" < e c "W e c "\< . Step 
1 and (|1.7p allow us to conclude, for n G (f, 5). 

Step 3. We set 

h(u, v, 9, w) = A(9)(w - u)1{„<| w _„|t} and ft £ (u, v, 9, w) = A(9)(w - v)^{ u <<l>2(\w-v\)} 
and we prove that for (3 £ (0, 1], 



(2.6) 
(2.7) 



| (ft - h e )(u, v, 9 : w)fdu < C\9f\w - vf(e^l {lw _ v{ < Se} + \w- H 7 l { |„-„|>r £ -i}), 
\h e (u,v,9,w) - h e (u,v,6,w)fdu < Cp\9fT1\w - w\ . 
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We notice that \A(6)\ < \9\ (see (TO)) ) and recall that cj) e (x) = x for x S [3e, r e - 1], that e (x) < 3e 
for a; € [0, 3e] and that (j> e (x) < x for x > T e — 1. The left hand side of (|2.6p is bounded by 

/>OC 

I^I^Im; - wl / |l{ u <|«-«,|-»} - %{u<((>7(\v-w\)\ du 
Jo 

<\9f\w - vf \\v - w\~< - <pv(\v - w\)\ 

<\6f\w - vf(l {{w _ vl < 3e} + l { | w _^|> re _ 1} )||^ - vp - <%(\w - v\)\ 
<\6f\w - vf (l { | UJ ^|<3e}(3e)^ + l { \ w - v \>r t -i}\w - v?) . 

Similarly, using Lemma RTBT -fi) and that <fi e < r e , the left hand side of (|2.7[) is bounded by 

\9f\(w -v)-(w- v)\ fi <f>1{\w - «|) + \ef\w - vf\<%(\w - v\) - 4>1{\w - v\)\ 
<\9f\w - wfTI + Cp\9fTl\\w -v\-\w- v\f < Cp\0f\w - wfr^. 



Step 4- We now prove (iv). Let thus j3 E {v, 1]. Since x i— > x^ is sub-additive, we can write 

*7r/2 



E 



\v t '-v t *tf 



< / ds 



J-tt/2 
t rn/2 

ds 



b{6)d6 I fs(dv) I duE[\h t {u,v,9,V s eX )-h e (u,v,9,V s £ )f^ 



10 J-tt/2 

Using and that < 1 - I((\9\) < l{\e\<cy, we get 



(1-I c (\9\)fb(9)d9 fs(dv) duE[\h e (u,v,e,V s e ' c )f 



E 



<c p v: i d S 



ir/2 

-it/2 
C 



b(9)de\9fE [\v; - V s 



+ C P ds b(9)d9\9f / f s (dv)E [<iq(\V?< - v\)\V s ^ - vf] . 
Jo J-c Jr 2 

Using (A(7,i/)), since (3 > v and since (/gflV - v\)\V - t'|' 3 < C(l + \v\ 2 + \V\ 2 ), this yields 



E 



K-KY <c^r7 / E[\v*-v s ^f]ds 

J Jo 

+ Cp(P-» [ ds [ f s (dv)E[l + \V s ^\ 2 + \vf 



<c p v: fE[\v: - v s ^f] ds + c P e~ v , 

Jo 

where we used (|1.7[) and point (iii). The Gronwall Lemma allows us to conclude. 

Step 5. Let us check (v), for some /3 E (u, 1] fixed. Using again the sub-additivity of x 
(j2.6H2.7p . (A(7, i/)) and that > v, we obtain 

/•£ f7r/2 p poo 

V[\V t -V t e f] < ds b(9)d9 / f s (dv) / duE[|%,u,0,V;)-M«>M J V?)l / 
Jo J-n/2 Jr 2 Jo 
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We infer from (j2.6H2.7p . (A(7, v)) and the fact that f3 > v that 
E [\V t - V t e f] <C P f ds C' 2 b(6)d6\9f f f s (dv) 



J-ir/2 Jr 2 

E (\V S - vf(e'l { \ Vs - v \< 3e} + \V S - uplflv.-^r.-i}) + T2\V S - V s e f) 

<Cpe^ [ dsE[f s (Ball(V s ,3e))}+C T2 [ dsE [\V. - V s e f] 
Jo Jo 
t 



+ C P ds f s (dv)E [\V a - u|^l { |v s -^|>r e -i})] ■ 

JO JB 2 

By assumption, we have 

swpE[f s (Ball(V s ,3e))] < 3 a Ke a . 

[O.T] 

Next (|1.7p and point (iii) yield, for k S (l/rjo,S), 



f s (dv)E [\V S - vl^Ifly.-^r.-i})] < / f s (dv)E [(\V S \ + |^ +7 I{|v,|+M>r e -i})] 

R 2 Jr 2 

<e-( r <~^ [ f s (dv)E\(\V s \ + \v\)f 3 +'<e^+^ K 



<C K e- r < I f s {dv)E 



e c K (\v s \+\v\r 



< C K e 



-r" 



Thus we have 



E [\V t - V t e f] < C^ K . K {e^ +a + e" r « ) + OpT? f dsE [\V S - Vff] , 

Jo 

whence E [\V t - V t e f] < Cp^ K {t f3+1+a + e- T <)e c ^ T by the Gronwall Lemma. We easily con- 
clude, since k > 7 and since T 1 ^ = [log(l / e)] KVo , with ktjq > 1. 

Step 6. We now prove point (i). First, the strong existence and uniqueness of a solution 
(V t £,( ') te [o.T] to (|2.4p is obvious, since the Poisson measure used in (|2.4p is a.s. finite because since 
vanishes on a neighborhood of 0, 

/ !{/ i \ e \)^o,u<r7} ds K°) d0 fs(dv)du < 00. 
Je 

Similar arguments as in point (iv) allow us to pass to the limit as C ~ > (recall that — * 
!{e^o}) and to deduce that there exists a unique solution to (V t e ) t6 [ 0i T] to (|2.3p . Finally, we use 
similar arguments as in point (v) to prove the existence and uniqueness of a solution (Vt) t £[o,T] to 
(f2~j]) , by taking the limit e — > 0. 

Step 7. It remains to show that Vt ~ ft for all t E [0, T]. To this end, we denote by g t the law of 
Vf. Then go = /o by assumption. Using the Ito formula for jump processes and taking expectations, 
we see that (gt)te[o.T] solves the following linear Boltzmann equation: for all ip : M 2 1— > R globally 
Lipschitz continuous, 



f 1>(v) gt(dv) = [ g t (dv) [ f t (dv*) [ ' b{9)d9\v - [^{v + A(0)(v - v,)) - ^{v)] 
Jr 2 Jr 2 J-n/2 



dt 
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Of course, (/t)te[o,r] also solves this linear equation. Thus (gt)te[o,T\ = {ft)te[o,T\ by a uniqueness 
argument. The uniqueness for this linear equation can be derived from the uniqueness of the 
solution to (|2.ip . by using the results of Bhatt-Karandikar [3J Theorem 5.2], see Lemma 4.6] 
for very similar considerations in a very close situation. □ 



3. Some substitutions 

The Malliavin calculus we will use in the next sections concerns the solution C^t )te[o,T] °f 
(|2.4p . Since (j>] < VJ < 2TJ (we will need a few scope), we can write 

Recall that the instensity measure of N is given by dsb(9)d0f t (dv)du. Our goal in this section is 
to modify this formula in order to get an expression in adequacy with [2J. First of all, we use the 
Skorokhod representation Theorem to find a measurable application v t : [0, 1] i— > R 2 such that for 
all tp : R 2 i — > R + , 

(3.1) / 1>(vt(p))dp= f ^(v)ft(dv). 

Jo Jr 2 

Next, we consider the following function G : x € (0, 7r/2) i— ► (0, oo) 

G{x) = f ' b{6)d6 

and its inverse d : (0, oo) h-> (0,tt/2) (i.e. G(d(z)) = z) and we set -d(z) = —$(—z) if z < 0. Then 
for all tjj : [-tt/2, tt/2]\{0} h-> R+, 

/•t/2 f 

(3.2) / <4>(0)b(O)d0 = / 

Notice that i? is smooth on (— oo, 0) U (0, oo). Since b(8) ~ |6*| _1_1/ by assumption, we have 
G(x) ~ i/-^ - " ~ (7i"/ 2 ) _8/ ). and thus #0) - {vz + (2/ttY)- 1 /" ~ (1 + z)" 1/l/ . See Lemma0 
for some precise estimates. 

Observe now that for all z£l„ 

(3.3) \m\>( ^ l*l<G(C). 

We choose in such a way that for l((z) — Iq(i3(\z\)), I( : 1 h [0,1] is smooth (with all its 
derivatives bounded uniformly in £) and verifies l$(z) = 1 for \z\ < G(() and I((z) — for 
\z\>G(() + l. 

We can write, using the substitutions 9 — $(z) and v = v s (p), 
,t ,i r G(0+i r 2r2 

V? C =V + / / / ^(z))(Kt C -« s (p))IcWl {u <^ ( | y;5 ^ s(p) | )} M(d S ,dp,dz,du), 

where M is a Poisson measure on [0, T] x [0, 1] x K, x [0, oo) with intensity measure dsdpdzdu. 
These subsitutions are used for technical convenience: for example, it would have been technically 
complicated to use a smooth version of !{|0|>£} (with C, small), while it is easy to build a smooth 
version of !{|z|>G(£)} ( w hh G(C) large), see also Remark |4~21 below. 
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Consequently, there exists a standard Poisson process = J2k>i ^{T' x <t} w ^ tn ratc 
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A 



dp 



G(C) + 1 



dz 



-G(C)-1 



2r: 



du = 4(G(C) + 1)17 



and a family (B% c , , C/^' C ) fe >i of i.i.d. [0, 1] x [-G(C) - 1, G(() + 1] x [0, 2I7]-valued random 



variables with law A £ ^dpdzdu such that, with the conventions Y^i = an d 2q = 0, 



For i e [0,T], w e M 2 , (recall that (f> e < T e ), define 

! A /-G(C)+i 
g e x(t,w) = 1- - — / dp/ dz^dw- v t (p)|) 

Ae,C Jo J-G(C)-1 



fc — 1 fe 



= 1 - 



d P 4>J{\w-v t {p)\)e [1/2,1]. 



Consider a C°° function x : R i— » [0, 1] supported by (—1, 1) such that J j \{x)dx = 1. Setting 
g £>c (t,«w) - &,<(*, «>)x(* - G(C) - 3) + M^_^M I{|z|<G(c)+1} 

we see that for each t e [0, T], w e R 2 , q e ^(t,w, p, z)dpdz is a probability measure on [0,1] x R». 
Since xO ~ G(C) - 3) = for \z\ < G(() + 1 and xO - G(() - 3) > implies \z\ > G(() + 1 and 
thus I{(z) = 0, we see that for all k > 0, all ip : R 2 



dpdz 



= 11^ (v#< + M^Wrf - iw (p))W) € ( vfi - iw (p) ) 

Jo Jk» v * k+1 ' v * k+1 ' 

= ( ( V + A(tf(z))(^ C - t, . c (p))If (*)) q^iT^V^ , p, z)dpdz. 

JO JR, v fc + 7 fc 

Consequently, we can build, on a possibly enlarged probability space, a sequence (R^ , Z^)k>\ of 
random variables such that — Vb and for all k <G {0, — 1}, 

=E«fi))(^ c - (^i))M^i), 



fe=l 



£((^1'%) I ^-^.T^) =q eX (T^ 1 ,Vlt i ,P,z)dpdz. 



Observe that by construction, we have 



k I 



fc=l 



for all t e [0,T]. The following observation will allow us to handle several computations. 
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Remark 3.1. Recall that M(ds,dp,dz,du) is a Poisson measure on [Q,T] x [0,1] x M* x [0, oo) 
with intensity measure dsdpdzdu. For any ip : [0, T] x R 2 x [0, 1] x R» i— > M +; any t e [0, T], 



Ew c ,^,^ c ,^ c )i<(^ c ) 

fe=l 

= / / / / V'(s,K-^P^) I c(^) I {„<07(|v';^-^( (9 )|)} M ( ds '^' <i2: ' du )- 

« « «/ ]R* «/ 

We conclude this section with the computation of the law of ((Rl , Z^), , Z^)) . 
Remark 3.2. We can write, for each k > 0, 

= H k (V , (T^, Rl><, Z^), (T^, Rf, 2%<)), 
for some function H k '■ R 2 x (K+ x [0,l]xl,) fc Hl 2 . Indeed, set Hq(v) — v and 
H k +i(v, (h,pi, zi), (ife+i,pfe+i, Zk+i)) = Hk(v, (h,pi, z{), (t k ,p k , z k ))) 

+ A(tf(z k+1 )) (H k (v, (fi, pi, zi), (i fe , p fc , z k ))) - v tk+1 (pfe+i)) M^c+i)- 

Conditionally on a(Vo, J\ ,t > 0), the law of ((Rl , Z±), (-R; , Z^)) has the density 
i 

II 9e,c(^ C ,H fe -l(^ , (T^.pi, (T^^Pfe-l, Zfc-l)), Pfc, «fc), 

fe=l 

wii/i respect to the Lebesgue measure on ([0, 1] x K*) fe . 

4. AN INTEGRATION BY PARTS FORMULA 

The aim of this section is to prove the following integration by parts formula for . Clearly, 
on the event {T± > t}, = Vb, so that no regularization may occur. To avoid this degeneracy, 
we consider (Z_i, Zo) with law Af(0, 12) independent of everything else. We also introduce a C°° 
non-decreasing function $ e : M [0, 1] such that $ e (x) = for x < T e — 1 and $ e (x) = 1 for 
x > T f . We may assume that the derivatives of all orders of <& e are bounded uniformly with respect 
to e £ (0, e ). Finally, we consider a C°° function $:Rh[0,1] such that = 1 for x < 1/4 

and *(x) = for x > 3/4. We set 

(4.1) Ef = ^(\Vo\) + J2^(W^\) and = 

fe=i fc 

Observe that since supr t i |V^| = max{|Vb|, |V^ C |, |V^^ C |}, we have 
( 4 - 2 ) I {su P[0 , t] |v/-«|<r c -i} ^ G *' C ^ I {su P[0!t] |v/- c |<r e }- 

Theorem 4.1. We set u c (t) := tC, i+v . For any ip e C b °°(R 2 ,K) ; any < t < t < T, any 
K G (1/770, 5), any q>l, any multi-index (3 G {1,2} 9 ; 



E 



< C^to.^^ll^lloo 



e - q( - vq + e -T« ( -2 V q 



In the whole section, ( e (0, 1) and e e (0, eo) are fixed. We set for simplicity A = X e ^, T k = T f 



R k = R" k x , Z fc = Z^, but we track the dependance of all the constants with respect to e and (. 



k ' 
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4.1. The Malliavin calculus. We recall here the Malliavin calculus defined in [2J. This calculus 
is based on the variables (Z k ) k >% (they correspond to the variables (Vk)k>i in [2 ). The cr-field 
with respect to which we will take conditional expectations is 

Q =a(V ,T k ,R k ,k>l). 

The calculus presented below is slightly different from the one used in [2J: there one employes as 
basic random variables (R k , Z k )k>i, while here we use only (Z k ) k >i- This is because we have no 
informations about the derivability of the coefficients of the equation with respect to p. We also 
notice that our coefficients depend on time, but since the bounds of the coefficients and of their 
derivatives are uniform with respect to time, the estimates from [2] hold in our framework. 

Recall that (Z-i, Zq) is independent of everything else and 7V(0, -^-distributed. We set 

Z t = {Z-i, Zq, Zx, —, Zj t ). 

We now use Remark 13.21 Conditionally on Q, the law of Z t has the following density with respect 
to the Lebesgue measure on K 2 x (R,) 17 *: setting z — ...,Zj t ), 

PeX (z) = Wte-' 2 " 1 '^ 1 ' 01 Y[ 1t,d T k, H k -i(V , (Ti, Ri, z x ), (T fc _i, R k -i, z k -i)), R k , z k ), 

k=l 

the normalization constant 

IV; = I 2 77 



[0,1] J * 



dz\...dzj t 



q e ,c( T k, Hk-i(V a , (Ti,Ri,zi), (Tk-i,Rk-i,Zk-i)), Rk, z k ) 
Lfc=l J / 

being ^/-measurable. 

We denote by U c : R* i-> [0, 1] a C°° function such that U ( (z) = 1 for \z\ e (1, G(Q - 1) and 
[7f (z) — for \z\ < 1/2 and \z\ > G(C) — 1/2. We may of course choose in such a way that its 
derivatives of all orders are uniformly bounded (with respect to £) . Then we define 

7T-1 = 7T = 1, 7T fc = U ( (Z k ), k > 1. 

Remark 4.2. Notice that ix^ is smooth with respect to Z k and that all its derivatives are bounded 
uniformly with respect to £. This is the reason why we used the substition — $(z) in the previous 
section. 

A simple functional is a random variable F of the form 

F = h(w, (Z- 1 ,...,Z Jt )) = h(u,Zt) 

for some t > 0, some ^-measurable h : {{uj,z),uj £ £1, z £ R 2 x (R*) Jt ^} i— * R, such that for 
almost all u) € f2, for all fc 6 { — 1, J*(w)}, z i— * /(w, z) is smooth with respect to on the set 
7Tfe > 0. For such a functional we define the Malliavin derivatives: for k > — 1, 

■Dfc-F = n k d Zk h(u, Z t ). 

Remark 4.3. ITe notice that Remark \ 3. 2\ ensures us that V t e ' i ' is a simple functionnal for each 
t 6 [0,T]. Indeed, Ttk is smooth with respect to Zi fori € {l,...,fc} on {zi £ (— G(£), 0) U (0, G(C)) 7 
which contains {tti > 0}. TTiis explains our choice for 7T;. 

Observe that if i 7, is a simple functional, is also a simple functional (in particular because 
the weights ir k are smooth functions of Z). Thus for a multi-index (3 = (ki, ...,k m ) with length 
\[3\ = m, we may define 

D^F = D k „, ...£>fc, F. 
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For m > 1, we will use the norm 



\F\ m = \F\+ J2 \ D0F \- 

l<\(3\<m 

Given a d-dimensional random variable F = (Fi, Fd) we set \F\ m =Yli=xWi\ m - The Malliavin 
covariance matrix of F is defined by 

Jt 

j' j {F) = J2 ° kF x DkF ^ 1 <i,3<d- 
fe=-l 

Finally, we introduce the divergence operator L: for a simple functional F, 

Jt 



LF = -J2 



k=-l 



—D k (TT k D k F) + D k F x D k \og PeX {Z t ) 

TTfc 



We now are able to state the integration by parts formula obtained in [2] Theorems 1 and 3], 
of which the assumptions are satisfied. Let G and F = (Fx,..., Fa) be simple functionals. We 
suppose that deter (F) ^ almost surely. Then for every ip £ C£°(R d ,R) and every multi- index 
P= (Px,...,/3 q ) £ {!,..., d} q , we have 



■ (Bfal>{F)G) =E(ip(F)Kp !q (F,G)), 



(4.3) E 
with the following estimate: 

\G\ Q ( 1 + \ F \ q+ i) qi6d+1) 



(4.4) \K p , q {F,G)\ <C q4 - 



|det<r(F)| 



3(}-l 



j=l ki+..+kj<q-j i=l 



4.2. Lower-bound of the covariance matrix. The aim of this subsection is to show the follow- 
ing proposition. We denote by I the identity matrix of M 2X 2(K). As we will see below (see Subsec- 



tion [L4]), the Malliavin covariance matrix of y/u^(t) 



Z-i 
Z 



V t eX is nothing but u Q {t)I + a{V^) 



Proposition 4.4. Recall that u c {t) := t( 4+u . For allp> 1, all < to < t < T, 



E 



(det [u c (t)I + a(V t ^)])~ 



c v r: 



First, we compute the derivatives of V£ for t £ [0,T]. If we have a family (Mk)ke{i,—,j] m 
M 2x2 (K), we write ]J J k=1 M k = M j ...M x . 

Lemma 4.5. Let (i*)te[o,T] oe the M2X2O&) -valued process defined by 

Y t = l[[l + A{d{Z k ))l Q (Z k )] (with Y t = IifJ t = 0). 



k=l 



This process solves 



Jt 



Y t = I + Y J A{d{Z k ))l c {Zk)Y Tk _ 1 



k=l 



and Y t is invertible for all t £ [0, T], because I + A{&) is invertible for \8\ < 7r/2. Set, for k > 1, 

H k = ^{Z^A'^Z^V^ - v Tk (R k )). 
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Then for k>l, forte [0, T], 



D k V t eX =-K k Y t Y- 1 H k l t > Th . 



Proof. Since and Y t are constant on [Tj, Tj+i), it suffices to check the result for , for all 
j > 0, that is, on the set ir k > (i.e. \Z k \ G [1/2, G(C) ~ 1/2]), 



Since does not depend on Z k if j < k, the result is obvious for j < k. We now work by 
induction on j > k. First, V^f = + A^Z^V^^ - v Tk {Rk,))h{Z k ). Derivating this 

formula with respect to z k yields (recall that \Z k \ <G [1/2, G(Q — 1/2)] and thus I^(Z k ) = 1), 

d Zk V*f = V'iZ^A'WZkMV^ - v Tk (R k )) = Y Tk Y- k x H k . 

We now assume that the result holds for some j > k and we recall that due to Section [31 = 
V'f + A(#(Z j+1 ))(V£f - v Tj+1 {R J+l ))l c {Z 3+l ). Hence 

= i 1 + A{V{Z J+l ))l c {Z J+l )) d Zk V*f 

= (I + A(D(Z j+1 ))I c (Z j+1 )) Y Tj Yf*H k = Y Tj+1 Y^ l H k 

as desired. 

We deduce the following expression. 
Lemma 4.6. For all t G [0,T], er(V/' C ) = Y t S t Y* , where 



□ 



k=l 



Proof. Due to Lemma 14.51 we have 
Jt 



[Y t Y^H k ] [YtY^H k ]* = Y t ^tt^ 1 /^^ 1 )* Y*, 



k=l 



\k=l 



whence the result. 

Next, we prove some estimates concerning (^t)te[o,Tl- 
Lemma 4.7. Almost surely, for all t>0, \Y t \ < 1. Furthermore, for all p > 1, 



□ 



E 



supirr'r 

[0,T] 



< exp(C p I7). 



Proof. First, an immediate computation shows that 

\I + A(9)\ 2 = sup \(I + A(6))Z\ 2 = 

iei=i 



1 + cos ( 



< 1, 



so that \Y t \ < 1. Next, one can check that for G (— 7r/2,7r/2), 

2 



1 + cos ( 



<i + r <exp(r). 
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Thus for < t < T, 



Jt / Jt \ 

\Y t - l \ 2 <\[\(I + A( l 9(Z fc ))I c (Z fc ))- 1 | 2 < exp £ ^(Z k )I c (Z k ) =: exp(L T ). 
fe=i \fe=i / 

We infer from Remark 13. II that for some Poisson measure M with intensity measure dsdpdzdu, 

|2i 



< 



Jo 

T r l 

2 



o Jo 



\$(z)\ l c {z)l {u <^ {]v ^_ Vs{pm M(ds,dp,dz,du) 
\$(z)\ 2 ~l{ u<r ^tyM(ds, dp, dz, du). 



Hence for any p > 0, 



E [cxp{ P L T )} < exp (t?T J {e p§2{z) - l)dz\ < exp {C p TTJ) , 

since d 2 {z) < (tt/2) 2 and since d 2 {z)dz = fj 2 2 9 2 b(8)d8 < oo by O and (A( 7 , v)). □ 

To bound St from below, we need a lower-bound of /(. Recall (|3.ip . 
Lemma 4.8. One may find ro > and go > swc/i £/ia£ /or any w £ R 2 7 any t £ [0, T], 

\v-w\ > r }) = / l{\ Vt (p)-w\>r }dp > qo- 
Jo 

Proof. Recall that by (|1.8|) , we have L 2 \v\ 2 f t {dv) = eo > and J R2 vf t (dv) = 0. First, we observe 
that for all w such that \w\ > %/2eo + 1 =: a, we have 

/t({«, |« " w| > 1}) > ft({v, \v\ < \w\ - 1}) = 1 - f t ({v, \v\ > \w\ -1})>1- e /(\w\ - l) 2 > 1/2. 



Thus it suffices to prove the result for (t, w) £ [0,T] x Ball(0,a). We notice that for each t > 0, 
ft is not a Dirac mass. Indeed, since L 2 vft(dv) = 0, the only possible Dirac mass is So, but this 
would imply J R2 \v\ 2 f t (dv) = 0. 

As a consequence, we can find, for each (t, w) £ [0, T] x Ball(Q, a), some numbers r t , w > and 
q t , w > such that ft({v, \v — w\ > r t , w }) > <7t,i«- 

Now we prove that for each (t, w) £ [0, T] x Ball(0, a), we can find a neighborhood Vt,™ of (t, w) 
such that for all (t',w') £ Vt, w , ft'({v, \v — w'\ > r tfW /2}) > qt, w /2. To do so, we first observe 
that it is clear from Definition 11.11 that t > ft is weakly continuous. Hence for all continuous- 
bounded function <p : M i— * R + , (t',w') i— > J R2 <p(\w' — v\)ft'(dv) is continuous. Consider now a 
continuous-bounded nonnegative function ip : M + t— ► R + such that l{x>r tro } ^ <P ^ I{a;>r t „/2}- 
By continuity, there is a neighborhood Vt, w of (t, w) such that for all (t',w') £ Vt,w, there holds 
J R 2 ¥>{\w' - v\)f t >{dv) > \ J R2 - u|)/ t (d«), which implies 

/*({«, |« - w'\ > r t , w /2}) >-f t ({v, \v-w\> r t . w }) > q t>w /2. 



Since [0, T] x Ball(0, a) is compact, we can find a finite covering [0, T] x Ball(0, a) C U" =1 Vt iiU;i . 
We conclude choosing r = mm(r tuWi /2) A 1 and q = min(g tijU)i /2) A (1/2). □ 

We carry on with some basic but fundamental considerations. 
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Lemma 4.9. For £ e R 2 , X e R 2 . consider 

/(£, X) = [e G [-tt/2, tt/2], (/ + A(9))- 1 A'(e)X) 2 > 6 2 \X\ 2 \^\ 2 /I2s} 

For any £,X S M 2 ; we always have either (0,7r/2] C i"(£,-X") or [— n/2,0) C J(£,X). 
Proof. We may assume, by homogeneity, that |X| = |£| = 1. We have 
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(I + A(0))-'A'(9) = -^ st 
(^{I + A{9))- 1 A'{e)X) 2 = - A 



-1 

- sin t 



1+cos 6 
„;„2 



— suit/ 

1 + COS ( 



-J + p 



(1 + cos( 



& X) 2 + (£, ?1) 2 - 2-^— (£, X) (£, PJf) 
1 + cos 6 1 



Since (X,PX) = and \X\ = |£| = 1, we always have either (£,X) 2 > 1/2 or (^PX) 2 > 1/2. 
Thus for all 6 such that (£,X) (£,PX) sin6> < (this holds cither on [0,tt/2] or on [-vr/2,0]), 



<£,(/ + ^))- 1 A'(0)X) 2 > imin 



(1 + cos( 



> 



sin 2 (9 
"32"' 



We easily conclude, since | sm8\ > |0|/2 on [—tt/2, tt/2]. 

We deduce the following estimate. 
Lemma 4.10. There are some constants c > 0, C > such that for all (el 2 , all t G [0, T], 
E[exp(-f *Stf)] < C*exp f-ci^l"/^) A C~ 



□ 



Proof. Recalling Lemmas 14.51 14.61 the definition of iik and using that Yr h = (I + A('d(Zk)))YT k _ 1 
on TTfc > (because 7Tfc > implies If (Zfc) — 1), we see that 



■h J t 

i 2 



fc=l 



fc=l 



Jt 



> 



E l{|^| e [l/2,G(C)-l/2]}(^'(^)) 2 ((/ + AWZ^r^W*))^ - 



fe=i 



where & := We observe that a.s., |£ 4 | > |£| because \Y t \ < 1 by Lemma 14771 We splitted 

Yr h = (I + A(d(Zk)))YT k _ 1 in order to make rigorous the stochastic calculus below (Cr fc _i will be 
predictable). We recall that ro and qg were defined in Lemma |4~8"1 Thus, due to Lemma [ 

Jt 



k=l 



{d'{Z k ))H 2 {Z k )r 2 \^ Tk _A' 
128 



128 



{|Z fc |e[l/2,G(C)-l/2]}l {l?(Zfc)e/(?Tfc _ i: y^ i _ t , Tfc(flfc))} 



fc=l 



X 1, 



2^.2 /■* /-l 



128 



^ 2 (^)(^'( z )) 2 l{| z |e[i/2,G(C)-i/2]}l {tf(z)e/(6 _ i y; 1 c_ t , s(p))} 

1 { I V/l 4 - (P) I >r } ( | V£< -fa (/>) I)} M ( dS > d ?> dZ > dV? > ' 
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where M is a Poisson measure on [0, T] x [0, 1] x 1, x [0, oo) with intensity measure dsdpdzdu. We 

rl for x > r we get £*S t £ > 



used Remark EUl Since <f>2(%) > Tq for x > r we get £*St£ > where 



o Jo je, Jo 



(*)) l{| 2 |e[i/2,G(0-i/2]}l {tf(z)eI(Ss _,i^ : c_„ 3(p))} 

1 { i _„ s (p) | > ro} !{«<rj } M(ds, dp, dz, du) . 



Using the Ito formula for jump processes, taking expectations and differentiating with respect to 
time, we get, for x > 0, 



**[*-**] =- /" / / E[e-* (l- e-^MCM) 1 ) l { , 2|e[1/2 , G(c) _ 1/2]} 
-'o Jk. Jo - ' 



I { 1 ?( z )e/(6,y t E ' c - l . t ( P ))} I {|y t 5 -' : -t )t (p)|>r } I {«<^} 



dudzdp. 



The integration with respect to it is explicit. Using Lemma 14.91 we see that the set {$(z) G 
^t e ' C " «t(/°))} a - s - contains {&{z) G (0,tt/2)} = {z G (0, oo)} or {d(z) G (-tt/2,0)} = {z G 
(—oo,0)}. Since (•d'd') 2 is even, this yields 

j /■! /•G(0-l/2 



Jl/2 



dt 



Finally we use Lemma 1481 to deduce 



dzdp. 



, ( ,G(C)-l/2 \ 

jE [e~ xL *] < - f rfo J (l - e -** a W(*'M) a ) dz\ E [e~ xL *] 



Since L$ = 0, this implies 

fG(C)- ' 
1/2 



E [e- xLt ] < exp |-*rjgb / (l - e-^WW)') 

£|2 2 

Recalling that £*St£ > J ^28 fl -£t, we get 

E[exp(-f &£)] < exp l-trfo J (l - e -l^ 2 (*)(tf'(*)) 2 /i28^ d \ _ 

We observe that due to (A(7, v)), 

G(C) - 1/2 > c{C u - (vr/2)-' y ) - 1/2 > cC v 

for ( > small enough. By Lemma 15^21 we have i? 2 (z)(?9'(z)) 2 > c(l + z)~ 4 /' y ~ 2 > cz~ 4 / y_2 for 
z > 1/2. We thus have 



E[exp(-rS t 0] <expl -ir % ^ 



2_-4/«/-2 



But for z < W e have |£| 2 z~ 4Av - 2 > 1, whence 1 - e - c l«l 2 > l- e - c . Consequently, 

E[exp(-r5^)] < exp (-ct ((cC") A |^ r /C2+^) _ 1/2 ^ _ 
The conclusion follows. □ 
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We are finally able to conclude this subsection. 

Proof of Proposition ]^.^ We recall that due to [4j p 92], for all p > 1, there is a constant C p such 
that for all nonnegative symmetric A 6 M2x2(R) ; 



det A\-P<C P [ |£| 4p - 2 e-«* A «d£. 



We set d t = det(u c (t)I + a(V t eX )). Using Lemma SH we have a(V t eX ) = Y t S t Y* , whence d t 
det 2 (Y t ) det(u^(t)(Y t *Y t )^ 1 + St). Lemma T4.7I and the Cauchy-Schwarz inequality yield 



E[d~ p ] <E det(F t )- 2p det (it c (t)(Y t *Y t )- a + S t )~ 



det (u c (t)(Yt*Yt)- X + S t ) 



-2p 



1/2 



Thus due to JO]) and LemmaE/TO) since f 0?*i) _1 £ = lOt )*f| 2 > l£l 2 b y Lemma|H3 



1/2 



E[d t " p ] < C p e c ^ / |e| 8p - 2 e-^WI«l 2 E 



CI en 



ici 8p - 2 exp (-u c (t)i^i 2 - c t[icr /(2+ ^ a ci) # 
ici 8p - 2 ex P (-c^r/( 2+ ^)^ 



1/2 



1/2 



To get the last inequality observe that if \£\ V K 2 + V ) > then \£\ 2 -"/( 2 +») > C' 4 '", so that 

u c (t)\z\ 2 = tc 4+ iei 2 = ^ 4+i/ ier /(2+i/) iei 2_ " /(2+, ' ) > tier /(2+i/) . 

Thus for < t < t < T, we have 

as desired. □ 
4.3. Upper-bounds of the derivatives. This subsection is devoted to the following estimates. 
Proposition 4.11. For all I > 1, all p > 1, 



E 1 



{su P[0iT] |V4 e ' c |<r e } 



su P |^|f <Q, p e c ^, 

[0,T] / 



[0,T] 



Proof. We will use the estimates from [2j Section 4]. In [2], the coefficients are bounded. But, 
as long as we are on the set {supj T j |U S € '^| < r e }, we do not need to take a supremum over all 
w e R 2 . For a function = [0, oo) xl 2 x [0, 1] x R* i— > R (or i— > R 2 ) which is infinitely differentiable 
with respect to z £ R* and tome R 2 , we set, for e G (0, eo), I > 1, 

$l(t,P,z) ■= sup ^ |<9£<9^(t,w,p,z)|. 
{|»l<r e } <| /3 | +fc < ; 
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Let c(t,w,p,z) = A($(z))(w - v t (p))I{(z), for which sup weE 2 \V w c(t, w, p, z)\ = \A($(z))\Iq(z). 
Due to Lemma 7], we know that 



y i(*) :=I { S u PlQ , t] |y/'<|<r £ } su Pl^ 



[0,i] 



Jt 



lxl\ 



Zxi! 



[0,t] 



fe=l 



[0,t] 



where 



£ t = l + dJ2 W{Z k ))\l Q {Z k )£ Tk _ = Jj(l + G|A(tf(Z fe ))|I c (Z fe )). 
fe=i fe=i 

First, we prove exactly as in Lemma B~T1 that for all p > 1, < t < T, 



E 



sup 8% 

[0,i] 



<e c -' r «. 



Due to Lemma T6.21 since < \9\ and since the derivatives of 1^ are bounded uniformly with 

respect to £ we have c*(t, p, z) < Q(l + l*!)"^^ + \v t (p)\) < C t T e (l + \z\)-V"(l + \v t (p)\). We 
thus have, using the Cauchy-Schwarz inequality, 



E [Yi(t) p ] <C P T* + C Pi ie c *" lT <Tf xlh 



2plxlY 



1+ ["£(l + \Z k \)-V»(l + \v Tk (R k )\) 



1/2 



<Cp,ie c '-' r 'E 



l + X t 



2plxl\ 



1/2 



where X t := EfeLi(l + + |«r fe (-Rfe)|). We now prove that for any p > 1, ELYf] < 

C p e c ' !,r ^, which will end the proof of the first inequality. Using Remark 13.11 one may find a 
Poisson measure M on [0, T] x [0, 1] x I, x [0, oo) with intensity measure dsdpdzdu such that 



V, = i f I I i I Ml ' " 



10 JO 

ft pi 



(1 + \z\)- L ^(l + \v s {p)\)l {u ^ 7{lv , Li _ Vtm} I c (z)M(ds,dp,dz,du) 



< 



(1 + Izl)- 1 /^! + \v s (p)\)l {u < m M(ds,dp,dz,du) =: X t . 



/0 JO JR. JO 

A simple computation shows that 

E[Xf] <TJ f ds [ dp f dzE \(X S + (1 + \z\)- 1 ' v {l + \v s (p)\)r - XP 

JO JO JM, L 

<C p VJ f ds f dp f dz{\ + + |«,(p)|)E [l + X* + \v s (p)\P 

Jo Jo Je» l 

Since J R (1 + \z\)~ x l v dz < oo and since f Q \v t (p)\ q dp = J R2 \v\ q f t {dv) < C q for all q > 1 due to 

(TOl) . we conclude that E[Xf] < C P YJ f* E[X£]ds + C P TJ , whence E[Xf] < C p T^e°^ < C p e c " r ' 
by the Gronwall Lemma. This ends the proof of the first inequality. 
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We now prove the second inequality. We use [5J Lemmas 11 and 12]. We introduce the functions 
g(t,w) = l-—[ dp I dzl { \ z \ <G (C)+i}4>7(\w-Vtip)\) = 1 - ^py / dp<f>2(\w-v t (p)\), 

^e,C JO JR, Zi c Jo 

h(t,w,p) = 4>1{\w - V t {p)\). 
Then by [2j Lemma 11], for k = 1, Jt, 

\LZ k \i < C l (lteih) l e + \T k ,R k ) 

+ (l + sup|V/><| ;+1 )' +1 J2 lJ^i + \T J )+l^hi + \T J ,R J )})). 



Making use of Lemma \Q. 31 (ii). one easily checks that (log h) (t, p) < Cie 1 and that that for any 
multi-index q = (qi,...,qi) £ {1,2}', \d l q g e (t,w)\ < CiT^e 1 ^ 1 . Hence, using the Faa di Bruno 
formula (|6.1[) and the fact that g e (t,w) > 1/2, 



(log g)l(t) < C^-K 



Thus for k = 1, Jt , 



i+i 



\LZ k \i < Qe- 1 - 1 1 + sup \V^\i +1 (1 + J f ). 



We now infer from [2] Lemma 12] that 



;+i 



sup \LV s e >S\t <Q\1+ sup \LZ k \ x 1 + V c[(T k ,R k , Z k ) 
[o,t] V fc=i,...,J t / ' * — ' 



fc=i 



i+i 



x l + sup|K e ' C lS? 

Using the above estimates, we can upperbound supr 4 i l-LV^Iz with 



sup^ +1 

[Q,t] 



C i e"^ 1 (l + J t ) fl + sup|C C llS 1)(,+S) ) fl + r e ^|^ fc )|(l + K(J? fe )|) > ) sup^ +1 . 

Thus using the Cauchy-Schwarz inequality and similar arguments as in the proof of the first 
inequality, we get 



E 



su P |iy/' c i p 

[0,t] 



< C z , p e-"( |+1 ) e c '- r 'E [(1 + J t ) 2p ] 1/2 . 



Recall now that J t is a Poisson process with rate A = A e ^ = 4(G(C) + 1)17 - CFJC " by (A(7, v)). 
Hence E[Jf] < C p (X eX T + (A e>c T) p ) < CpP^C^- The second inequality follows. □ 

4.4. Proof of the formula. We prove a final lemma to compute the norm of G\'^ . 
Lemma 4.12. Recall [Jl\ j. For all 1>1, all t £ [0,T], 



|G t e ' f |i<Ql {sup[0it]|W ,C|< rJ 



1 + W* ] IW- e l>r.-i}( 1 + J «)'^Pl^)' 
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Proof. Using [2J Lemma 8], we have 

|G^<|G^| + q( sup |*W(E t e 't)| j |E^||. 

\{k=i,...,i} J 

By definition of we see that supr fc=li n |^( fe )(x)| < CiI{i/4<:£<3/4}. Next we observe that 

by definition, Ej' C e [1/4,3/4] implies sup [ot] |V; e ' C | e [T e - l,rj. Recalling g^D, we only 

have to prove that |S|' C | ; < C/(l + J t )(sup [0)t] \V s e ^\\). But of course, < |4 e (|Vb|)|i + 

J2i \^e{\V^f\)\i < (1 + J t )sup [0jt] |$ e (|U/' C |)|i. It only remains to check that for all s e [0,T], 

l^e(lK — Cil^/'^li- But this is an immediate consequence of the chain rule (see [21 Lemma 
8]) and the fact that v i— > <J> e (|u|) has bounded derivative of all orders, uniformly in e. □ 



Finally, we have all the arms in hand to give the 
Proof of Theorem\Jl\ We apply l(£3"]) with 



We first notice that for k > 1, D k F = D k V t eX , that D^F = y/ujt) m and Dq-F = ^«cW (f) • 



We also have LF — LV^ + y/u^(t) 1 ) • A sim] >lc computation shows that LZ„ - Z„. »> 



that D k (LZ ) = lfc=o and thus so that DiD k (LZ ) = 0. This yields |LZ |; = 1 + \Z Q \. By the 
same way, \LZ-\\i = 1 + Since < 1, 

l^li < Cj(l + |V t e,C |i), \LF\ l <2 + \Z_ l \ + \Z \ + \LV t € '% and = u c (t)J + a(U/' C ). 

Using (|4.3H4.4[) , we deduce that for (3 a multi-index with length q, 



where 



K P,q = 



|G t e - c | 9 (l + su P[0it] |U/'% +1 )^ 



E 



dU(F)Gf] <C q E[K 



(det(u c (t)I + a(V t ^W^ 



<C1 c ( 1+SU P^]l^l^) 139+g 

" !^ C| ^> (det(u c (t)I + <x(Vf C)))3 9 -x V 1 + J * 



i+ e e n( 2 +i z -ii+i z oi+i^ e ' c i^) 

J=l k-1 + ...+kjKq-j i=l 

{su P[o t] |v/' c |>r«-i}J 



1+ E E n( 2 + i z -ii + i^i + i^ c uj 

j=l ki_+...+kj<q—j i=l 



due to Lemma 14.121 Using the Cauchy the Cauchy-Schwarz inequality, we obtain 

E[K 0tq \ < C q hI 2 I 3 h, 
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where 



h = E 

Jg=E 

J 4 = E 



W [M |v- | < re} (l + sup|^ C | ?+1 )^ 13 ^ 



1/4 



1/4 



(detfucWJ + tr^)))- 4 ^- 1 ) 
1 + J t 9l { S u P[0 f] |v/' c |>r e -i} 



1 + E E IK 2 + l^-il + l^ol + |Ly t ^| fci ) 4 l {sup[o 

J=l fei+... + fcj<g-j i=l 



su P[0 , t] |vi e - c |<r e } 



1/4 



Making use of Lemmas 14.41 and 14.111 we immediately get, for < to < t < T, 

h<C q e c ^ and h < C t0iq e c ^ . 

Recall now that J t is a Poisson process with rate 4I7(G(C) + 1) < CTJC,~ V , so that E[Jf] < 
C p r7 p C _!yp for all p > 1. Using Proposition |2.H -(iii) with some I/770 < k < 5, and the Cauchy- 
Schwarz inequality, we obtain 



h <C q + C q E 



J) 



89 



1/8 



sup 1 y/^ 1 >r e -i 

[0,i] 



1/8 



<C q + C q T1 q C vq e- i ^- V)K )E 



sup e 

[o,t] 



32| V/' c |~ 



1/8 



<C g , K (l + r^e- 2r ") 



Finally, using Lemma T4. Ill we see that for j = l,...,q and fci + ... + kj < q — j, 

n(2+i^-ii+i^i+i^ c i fcl ) 4 i { 



E 



.4=1 



^sup^^j |v/- 4 |<r«} 

<II E [( 2 + l^-il + l^ol + |i^' C | fe J 4j I {suP[o lv? .c,< r . } 
i=i 

V(4j) 



l/(4j) 



<C,nE[l + |L^ c |gl { 



sup [0)t] v-/- c |<r e } 



jj(l + ^-4f c -4j(**+i)) 



nc 

i=l 



■4jV e -4j(fc 4 +l) 



V(4i) 



whence J 4 < C^e^C -9 "^ -9 - All this yields 

E[Kp, q ] < C t0 ^ K e c ^C q ^- q (l + C vq e~ 2T: ) < C to , q , K e c ° r * (c^e"' + C 2vq <r T <) . 

For the last inequality, we used that r e = [log(l/e)] ??0 and that 7770 < 1 < kt]o. Theorem 14.11 is 
checked. □ 
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5. Conclusion 
We now wish to end the proof of our main result. 
Lemma 5.1. Assume that for some a £ [0, 2), some K > 0, for all e € (0, 1), 

sup sup f s (Ball(vo,e)) < Ke a . 

[o,t] v m 2 

Then for rj G (0, 1 — and p > 1, for < to < t < T, for e G (0, eo) and £ £ (0, 1), for q > 1, /or 



l/t(OI = 



E 



< 



Proof. We have = |E [e^'^] | by Proposition (OMii). We set : = \A*cW(^-i, ^o) for 

simplicity and write 



E 



E 



E 



«<W C +**>(1_G|'<)1 + E UW'+^G^ 



A, 



First, we Theorem O with ^(«) = e^'^ and the multi-indexes ft = (1, 1) and ft = (2, ...,2) 
with length o, for which d^ip(v) = (i^i)^'^ and d$ 2 ^(«) = (i&) g e i( >t> v l For any k € (l/r?o,£), 

^5<C,, io>K ^-«e c « r ?(C-^e-« + ^ 
because r e = log(l/e) r " ) and 77/0 < 1 < kt/q. Next, by (14. 2|) and Proposition 12 . U (iii) . 



A A < 



sup \V t tX \ > T e - 1 



[0,T] 



< C K e- (r '- 1)s < Ce^+T. 



We could have chosen any other positive power of e. We also have, since (e^^ -e^l < \£\\x-y\, 



a 3 < m [\^\] < cieiv^w < c\n\e +v/2 . 

Proposition 12 . U (iv) (with [3 = 1) implies 

A 2 < |f|E [\V^ - V?\] < Cl^C 1 - < C^e-X 1 -". 
Finally we notice that for j3 £ (0, 1], 

| e i<«,*> _ e <«,*)| < min(|e||x-y|,2) < 2 1 - l3 \^f\x - yf. 
Hence using Proposition 12 . 11 - (v) with (3 = v + 77 (which is smaller than 1), 

Ai < 2 1 - f3 E [\S,\ L ' +11 \V t e - V t \ u+n ] < C^\ v+r >e' J+71+ ' 1+a e c ^ , 

which we can bound by C T/ |£| l/+, 'e !y+7+a as usual. To conclude the proof, it suffices to notice that 
we obviously have e v+a+ ^ < \£\»+n e »+a>+i and \t\C +v/2 < l^e'V - "- □ 



Next, we optimize the previous formula. 
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Lemma 5.2. Assume that for some a G [0, 2), some K > 0, for all e G (0, 1), 

sup sup f s (Ball(vo,e)) < Ke a . 

[o,T] v em 2 

Assume that v G (0, 1/2) and that 7 > v 2 /{I — 2v). Define 

_ ( a + 7)(l-2,)-^ > „ 
(a + 7 + 1/ — 1)2^ + 1 

TTien /or aZZ r S (0,p(a)), allO <t <t<T and all £ S M 2 , 

i/ t (Oi <a,jer- 

Proof. We can assume that |£| > 1, because / t is a probability measure, so that ||/t||oo = 1. We 
use Lemma [5.11 with e = |£|~ a and £ = |£|~ b , for some a > 0, b > such that a + vb = 1 — 771, 
for some small 771 € (0, 1) to be chosen later. We thus get, for some small 77 € (0, 1 — z/) and some 
large p > 1, g > 1 to be chosen later, for all |£| > 1, 

l/t(OI t 7) p ^| _ 9+ a, '+( a + !/b ) , J -f |£|-<J-ap+2i;<jb _|_ |£|i>+?7-a(i/+7+a) _|_ |£|l+<wj-6(l-i/) J 

= Cq t 7) p ^p' ,1,3+a '' + |£|-«-<»P+2g(l— iji— a) _|_ |£|I>+»7-a(i'+7+aO _|_ |^|l+or7-(l-7) 1 -a)(l/l/-l)J 
<C 9 t p ^| _1,1<?+1 + |£| 9 ~ ap + |£|f+?7-a(i/+7+a:) _|_ |£|l+a(i7+l/i/-l)-(l-»Ji)(l/i/-l)^ ^ 

We used here that < 1277 < 1 and 1 — T]i — a < 1. Let now r S (0,p(a)). It remains to show that 
one may find q > 1, p > 1, 771 S (0, 1), 77 G (0, 1 — and a G (0, 1 — 771) in such a way that 

(5.1) J7ig-l>r, 

(5.2) ap — q > r, 

(5.3) a(z/ + 7 + a) — 1/ — 77 > r, 

(5.4) (1 -77i)(l/V- 1) - 1 - 0(77 + 1/2^-1) > r. 

It suffices to show that (|5.3I) and (|5.4|) hold for some 77 G (0, 1 — v), some 771 G (0, 1) and some 
a G (0, 1 — 771) small enough. Indeed, it will then suffice to choose q large enough to get (|5.ip and 
then p large enough to obtain (|5.2|) . Hence it suffices to check that there is a G (0, 1) such that 

a{y + 7 + a) — v > r and \jv — 2 — a(l/u — 1) > r. 

But setting a = (1 — 2t/ + ^ 2 )/[l + + 7 + a — 1)], we get 

a{y + 7 + a) — v = 1/v — 2 — a(l/u — 1) = p(a) > r. 

To conclude the proof, it only remains to check that a G (0, 1). Clearly, a > 0. To check that 
a < 1, it suffices to prove that 1 — 2v + v 2 < 1 + v{y — 1), which always holds for v > 0. □ 

The last preliminary consists of studying the function a <— > p(a). 

Lemma 5.3. Assume that v G (0, 1/2) and that 7 > v 2 j(\ — 2v). 

(i) The map a 1— > p(a) is increasing on [0, 00). The function a 1— > p(a)/a is decreasing on 
(0,oo) and p(a-y tU )/a JtL , — 1, where a 7i „ Twas defined by hi. 5}) . 

(ii) Furthermore, we have, recalling il.6\ ) 

g 7)1/ > 1 ^=> a 1%v > 1 •$=>■ z/ < 1/3 and 7 > (2;/ + 2z/ 2 )/(l - 3z/), 
g 7i „ > 2 o 7 , v > 2 7/ < 1/4 and 7 > (6z/ + 3^ 2 )/(l - 4v). 

Observe that g 7)I/ — p(2 A a 7) „). 
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(iii) For q £ (0, 3 7)1/ ), one may find hq > 1 and = ao < ol\ < ... < a„ such that for all 
k £ {0, ...,no — 1}, otk S [0,2) and a k +i < p(ctk), with furthermore a„ > q, all these quantities 
depending only on q, 7, v . 

Proof. We start with point (i). To show that p is increasing, it suffices to note that its derivative 
is positive if and only if (1 - 2v) [(7 + v — l)v + 1] > ^[7(1 - 2v) - v 2 ], i.e. 1 — 3i> + iv 2 - v z > 0, 
which always holds for v £ (0, 1). We also have 

p(a) _ l-2v 7(1 - 2v) - v 2 

a cw + [(7 + v — Y)v + 1] cP-v + a[("f + v — l)v + 1] ' 

which is obviously decreasing, because under our assumptions, 1 — 2v > 0, 7(1 — 2v) — v 2 > and 
(7 + v — l)u + 1 > 0. Next, a 1:U > is designed to solve va 2 v + 1/(7 + v + l)a 1:U = 7(1 — 2v) — v 2 , 
whence 

p(a-y,v) _ a 7 ^(l - 2v) + 7(1 - 2v) - v 2 _ 
a 7il/ va 2 v + 1/(7 + i/ + l)a 7 ,j, + (1 — 2v)a^ iV 

We now prove (ii). Due to (i), we clearly have a 7 ^ > 1 if and only if p(l)/l > 1, i.e. [(1 + 
7)(1 -2v) -v 2 ]/[(~f + v)v + l] > 1, which is equivalent to v > 1/3 and 7 > (2v + 2v 2 )/(\ - Zv). By 
the same way, a 1<v > 2 if and only if p(2)/2 > 1, i.e. [(2 + 7)(1 - 2v) - v 2 ]/[{l + 7 + v)v + 1] > 2, 
which is equivalent to ^ > 1/4 and 7 > (6^ + iv 2 )/(l — Av). Next we note that we always have 
<l~f.v = p(0"y,u A 2). Thus we have et 7i „ > 2 if and only if p(2) /2 > 1 if and only if q ltU > 2. Similarly, 
a ltl/ > 1 if and only if p(l)/l > 1 if and only if q ljV > 1. 

Let us now check point (iii). We fix q € (0,q JjV ). 

We first assume that a 7i i, < 2, whence q-y^ = a 7i i,. We fix q' S (q,q-y,v), we observe that due 
to (i), p(q')/q' > 1 and we consider n > such that (1 — rj)p(q')/q' = 1. Then by (i), we deduce 
that the sequence ao = 0, c<k+i = (1 — v)p( a k) takes its values in [0,q'] C [0,2) and increases to 
q' . Thus for some no, a no > 9. Of course, we have < p(ckfc) for all k S {0, n — 1}, so that 
(ao, a„ ) solves our problem. 

Next we assume that a 7iU > 2, whence g 7jl/ = p{2) > 2. We may assume that q € (2,p(2)). We 
consider 77 > such that (1 — r))p(2)/2 — 1, whence (1 — T])p(a)/a > 1 for all a £ [0, 2). Then by (i), 
the sequence ao = 0, aifc+i = (1 — T))p(ak) takes its values in [0, 2) and increases to 2. Consider now 
x e (0,2) such that p(x) = q (recall that q £ (2,p(2)) is fixed). Then for no sufficiently large, we 
have a no ~i > x and thus a no -i < q < p(a, i0 _i). Hence (ao, a no _i, q) solves our problem. □ 

Finally, we can give the 

Proof of Theorem \1.3l Points (ii) and (iii) follow from (i) and Lemma 15.31 We fix < to < T 
and q G (0, g 7 ,„). The only thing we have to check is that for all £ el 2 , all t € [to,T], |/t(£)l ^ 
Ct 0} q(l + |£|) -9 - Then the Sobolev and the ball estimate will follow (see Lemma UTTj) . By Lemma 
15 .31 we may consider no > 1 and = ao < a± < ... < a„ such that for all k G {0, ...,no — 1}, 
a fe E [0, 2) and a k+1 < p(a k ), with a„ > q. 

Step 1. First, we apply Lemma 15.21 with a = ao = 0. Since a\ < p(ao), we deduce that 

sup <C\£\- a K 

te[t /no,T] 

By Lemma[l?Tl we deduce that sup [to/no T ] sup„ o£K 2 f t (Ball(v ,e)) < C t0i9 e Ql . 

Step 2. Define now {ft)te[o,T-t /n ] by f} = f(t + to/no). This is also a weak solution 
of (|1.1[) , which satisfies the same properties as (/t)te[o,T]> and the additionnal property that 
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supr o r _ to / no i sup WoeK 2 ft(Ball(vo, e)) < C tQi9 e Ql . We thus can apply Lemma HT21 with a = a>i 
and r = Q2 < to get 

sup \%(o\= su P i^coi <cier aa . 

te[2t /n ,T] te[to/no.T-t /no] 

whence sup [2to/ „ oT] sup„ oeffi2 f t {Ball(v , ej) < C to , q e a2 by LemmaiHl 
Step 3. Iterating this procedure (no times), we deduce that 

su P i/t(oi<c to , r |er*»o. 

te[t ,r] 

But / t is a probability measure, so that | /*(£)] < 1- Thus 

sup |/ t (0| <C to , r (l + |e|)- a "o, 
te[t ,r] 

which ends the proof since a no > <?• D 

6. Appendix 

Fourier transforms. We first prove an easy result on Fourier transforms. Recall that for / a 
probability measure on R 2 and £ e R 2 , we denote by /(£) = = J R2 e*^f(dv). 

Lemma 6.1. Let f be a probability measure on R 2 such that |/(£)| < -ftr|£|~ Q , for some a £ (0, 2). 
Then for all vq £ R 2 , all e € (0, 1), one /ias f(Ball(vo, e)) < CV !Q ,e Q . 

Proof. We use the Plancherel identity. Recall that 

^(l [:co - £ , :co+£ ]x[,o-e, I/ o+c])(a,6)=4e i ^ +^^ sin(6e)sin(6e)/(a6). 

Setting w = (x ,3/0)1 

sin(^ie) sin(£ 2 e) 



f(Ball(v ,e)) < / /(dw)J [ao _ e>ao+e]xbo _ e , yo+e] («) < C 



fi6 



, |>|-q I sin(|ie) sin(£>e)| f |sin(gie) sinfee)! 



because |£| > \/2|£i£2|. We handle the substitution £ = x/e and get 

ffn„Z7f« ^<r> /" l sin (^i)l |sin(x 2 )| / /■ jsin(xi)l 

We easily conclude, since a £ (0,2). □ 

Derivatives. We recall here the Faa di Bruno formula. Let I > 1 be fixed. The exist some 

coefficients a\'[ t _ tir > such that for <f> : M )->• R and r : R i-> R of class C l (R), 

(6.1) [#r)]« = [r']V (i) (r) + £ ( £ a£ [[ r« ) W (r), 

where the sum is taken over ii > 1, i r > 1 with i\ + ... + i r = I. 
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We carry on with another formula. For I > 2 fixed, there exist some coefficients c£ { G K 
such that for <f> '■ R *-* K a C'-diffeomorphism and for t its inverse function, 

(^) ^=Ei e cfeun^w. 

r=/+l V ^ V " ii+...+i g =r-l j = l 

where the sum is taken over geN, over ij, i q G {2, 1} with ii + ... + i q = r — 1 . This formula 
can be checked by induction on I > 2. 

Regularity of the modified cross section. Recall that ■& : [0, oo) i— > (0, 7r/2] was defined in 
Section[3]as the inverse of G : (0,7r/2] > [0, oo) given by G(ir) = j^ 2 b(6)d0 . 

Lemma 6.2. T/ie function d is C°° on (0, oo). For all z > 0, 

(i) cil + z)- 1 ^ < d(z) < Cil + z)- 1 ^, 

(ii) c(l + z)- 1 ^- 1 < < C(l + z)- l ' v -\ 
(in) \^ k \z)\ <C k {l + z)- 1 ' v -\ fc>l, 

(iv) |(A(i?(z))) (fe) | < C k (l + z)~ 1/u ~\ fc>l. 

Proof. Due to (A( 7 ,t/)), we have cfc-" - (tt/2)- 1 ') < G(x) < C(ar" - (7r/2)-' y ), for all x G 
(0, 7r/2]. Since is nonincreasing, we easily deduce that for all z € [0, oo), (z/c + (tt /2)~ v )~ l ' v < 
ti(z) < (z/C + (tt/2)- ,/ )- 1 ^ and (i) follows. Next, we have \ti'(z)\ = l/\b{d(z))\. But b{x) G 
[cx- 1 - u ,Cx- 1 - v ], so that \d'(z)\ G [i? 1+I/ (z)/G, tf 1+I/ (z)/c]. Using (i), we deduce (ii). Next, (iii) 
is obtained from ([63]) : using that for any fc > 2, |GW(a;)| = |foC^— i) < C k \x\~ l, ~ k , we get 

2fe-l 

< Cfc E ii?(z)r (v+i) ^ |0(z)|- w «- r+i . 

r=fc+l ti+...+i a =r— 1 

Since we have i\,...,i q G {2,...,fc} such that ix + ••• + = r ~ 1) we see that q < (r — l)/2. 
Consequently, for fc > 2, 

2fc-l 

|^ (fc) (^)| <c fc ^ |^(0)| r ^ +1 ^(0)|- ,/ ( r - 1 )/ 2 - r+1 

r=fc+l 
2/c— 1 

=G fc ]T |*(*)l (r+1) " /a+1 < c fc |^(z)|( fe + 2 )^ 2+1 < c k (i + \z\r l ' v -\ 

r=k+l 

where we finally used (i). Since |A«(0)| < Ci for alU > 1, (iv) follows from JB3J and (iii). □ 

Regularity of the cutoff function. We now prove some regularity properties of our cutoff 
function <£,. 



Lemma 6.3. Consider the function tfi e introduced in S2.2\ ). 

(i) For [3 £ (0, 1], for all x,y>0, all e G (0, e ), 

^(z) -^( y )|<C /3 r7|x-y|' 3 . 

(ii) For every I > 1, /or every multi-index q — [q%, ...,<#) G {1,2}', 

pog&(M)]| < CJ (l {He{eXc -i]}\v\~ l + I|t.|e(r.-i,r.+i)rr 1 ) , 
K -d Vqi [<l>l(\v\)]\ < Q (l We(e ,r € -i ]} W- 1 + I He(r .-i 1 r.+ 1 )rr 1 ) • 
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Proof. We first prove (i). We recall that for any a, b > 0, there are some constants < c a ,b < C a ,b 
such that for any x,y >0, c a , b \x a+b -y a+b \ < (x a + y a )\x h ~y b \ < C a , b \x a+b -y a+b \. We also recall 
that <j) e is globally Lipschitz continuous with constant 1, that 4> e (x) — T e for x > T e + 1 and that 
(j> e (x) > x/2 for x £ [0,r e + 1], since </> e (a;) > x for x £ [0,T e — 1] and since </> e is non-decreasing. 
We set A £ (x,y) = x \(/q(x) - 4>J{y)\. If x,y > T e + 1, then A e (x,y) = 0. If now x < T e + 1, then 

A € (x,y) <2^l{x)\4>Ux) - cpj{y)\ 

<2^^(x) + ^( y yM(x)-<f>Uy)\ 
<2^C M \^{x)-^{y)\ 

c 7,/3 

<2^^v:\Ux)-Uy)\ 

<2^^Y^\x - yf . 

Cy,/3 

We used here that (3 < 1. Finally, if x > T e + 1 and y < T e + I, 

A e (x,y) =x^\T2 - (P e (y)\ 

<(\x-yf + \yf)(r?-<t>:( y )) 
<\x-yfry + \yf\<fP e (x)-<IQ(v)\ 

<\x - yfTJ + 2^^T:\x - yf, 

c 7,/3 

the last inequality being obtained as previously, since y < T e + 1. 
To prove (ii), we first observe that for k > 1, 

\4>i ( x )\ < Cfc ( £l_fc I{xe(c,3e)} + l{fe=l} J{xe[3e,r«-1]} + l{xe(IW,r e +l)}) • 
Using the Faa di Bruno formula (|6.1[) . one easily deduces that for I > 1, 

\[logct> e (x)]W\ < Q (l {x&(e , re]} x- 1 + l^^-^+DyT: 1 ) 

and 

M(x)] {l) \ < Ci (l{x e( e,r e ]}^- i + Vtr.-ir.+Djrj- 1 ) • 
Using again (|6.ip and that any derivative of order k > 1 of v i— > |w| is smaller than Cfc|v| 1 ~ /c , one 
easily concludes. □ 

Exponential estimates. The next result deals with some estimates concerning the exponential 
moments for the linearized Boltzmann equation. The study of exponential moments for the nonlin- 
ear Boltzmann equation was initiated by Bobylev [5] , see also [10] and the references therein. These 
results really use the nonlinear structure of the Boltzmann equation and we can unfortunately not 
use them. 

Lemma 6.4. For any k £ (v, 1), any v, V £ R 2 , for some constants C > 0, c K > 0, C K > 0, 

(e\v+Avw-v)r_ e \v\^ mdg < e \v\* [_ CKl{|v| ^ |v| ^ |t)|} + c , K( | F | V1)K +- 2e c.i, r 



-it/2 

f^ 2 e W+A{6){v-vW _ e |v|" b (0)d0<C fi e c ^e c ^ 
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Proof. We start with the first inequality. Recall that by JT2]), \A(0)V\ 2 = ^f^.\V\ 2 . We also 
have (V,A(9)V) = -±^f^|V| 2 , \A{8)\ < \6\ and 6> 2 /4 < l-cos(9<6< 2 for 6 e [-tt/2, tt/2]. Thus 

|V + - «)| 2 =|^| 2 + ^|^(|V| 2 + \v\ 2 - 2 (V, w» + 2 (V, A(0)V) - 2 (V, 

l + cosf?. . 9 1 — cos 6*.. l9 „ , . . v „ ... ,,„ s 

= g |F| + 2 (H _ 2 (y ' v)) _ 2 ^ 

<|y| 2 (l-0 2 /8) + 2 |t;| 2 +4|0||^|| W |. 

An simple computation shows that 



\V + A(6)(V - v)\ z < 



2 ^ J |^| 2 (l-0 2 /16) if |V| > 130| 



|V| 2 + fl 2 M 2 +4|fl||T/|H if |V|<130|« 
In the case where \V\ < 1, we observe that, since k G (0, 1), 

|V + - v)\« <(\V\ + \0\QV\ + \v\)) K < \Vr + W{1 + \v\"). 

We thus may write 

-tt/2 
tt/2 



A(V, v) := I (eW+m{v-v)\« _ e W\^ b{e)de 

( e |v|» _ e |v|-(i- fl Vi«)- /a ) I { | e |> 13OM/m} &(0)d0 
+ Ic|v|> 1} ( e ^l 2 + fl2 ^ 2 + 4 l e ll^l'"D K/2 - eW") I { |*|< 13 o M/m} W 

+ i { ivi< 1} T /2 [e^ K+c ^ 1 +^-e^ K )b(e)de 



-tt/2 

= : - Ax (V, v) + A 2 (V, «) + A 3 (V, «). 
We now compute carefully. First, we have 

Ar(V» >i { |v|>i,|y|>i30|,|} f_ " (e |Fr - el^-'W 3 ) i {|fl| > 1}6 (0)d0. 

But for |(9| > 1 and \V\ > 1, 

e \ V \* _ e |vr(i-e 2 /i6) K/2 > e iv|~ _ e \v\\i-i/wr' 2 > e m*(i _ e -ivr(i-(i-i/i6)*/ 2 h > Cfie i^r ) 

whence, since 6([l,7r/2]) > by assumption, 

Ai(V,w) > c K I{|^|> 1 j V |>i30|«|}e |v| . 

Next we observe that for x, y > 0, since k/2 S (0, 1), e' x+a ^ / " — e K " /2 < (n/2)yx K / 2 ~ 1 e x '* /2 e yK/ ~ 
As a consequence in A 2 , since |0||V| < 130|u|, 

e {\v?+9*\v\*+mw\\v\T' 2 _ e ivr <c k (# 2 m 2 + |0||y||«|)|yr- 2 ei y i K e c ^ e2 i"i 2+ i e n y ii"^ /2 

<C K (0 2 |«| 2 + |0||y||w|)|V| K - 2 e |yr e c " |, ' r . 
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Integrating this formula against b(0)dd (on \9\ E [0, min(7r/2, 130|u|/|F|)]) and using (A(7, v)) 
yields 

A 2 (V» <C K l {lvl > 1} \Vr 2 e^e c ^ [\v\ 2 min(l, (\v\/\V\f-») + \V\\v\ min(l, ( | | / 1 ^ | ) 1 - ^ ) ] 

<c K i {]v] > M > 1]e \ v \\ c ^\vrM 2 

+ C K l { | V ,|> 1 , |y |> k | } el 1/ l' c e c »^l' c (| W | 4 -HVr+^ 4 + \v\ 2 -»\Vr + »- 2 ) 

<C K l {lvl > 1} \V\^- 2 e^e c ^\ 

We finally used that k + v- A<k,-2<k + v- 2<0. Recall now that for x > 0, e x — 1 < xe 2 , 
so that in A 3 , since \V\ < 1, 

e |v|»+|fl|»(i+M») _ e \v\- = e |v|- (e |fl|-(i+|»r) _ y < c K |0| K e c »^ r . 

Thus, using (A (7, v)) and that k > v, 

A 3 (V,v)<C K l {lvl < 1} e c ^ C' 2 Wb(9)d6 <C K \ { \ v \< 1} e c ^ . 

J-tt/2 

We have proved that 

A(V,«) < -c Ke |vr l { |y|> 1 ^|> 13 o| H} +C K l { | y |> 1} |Fr +y - 2 el y l K e c »'^VC K l { | V |< 1} e c »' , 'l K , 

which ends the proof of the first inequality. 

The second inequality is much easier. Since k e (0, 1), we have for all x, y > 0, 

| e «" -e yK \< k\x k - y~|e< xVw >" < \x - y\ K e (xVy)K . 

Thus, since \A(6)\ < \6\ < tt/2, 

e |v+A(fl)(v-„)r _ e |v|- <|^|«(|V| + | w |)« e (^l+2|e|(|v|+IH))" < C K |0re c "' y l K e c »' , 'l K . 

Since J"^ 2 \6\ K b(6)d6 < 00 by (A (7, v)), the second inequality holds true. □ 
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